ABSTRACT This paper is concerned with the optimal state estimation problem for a class of time-varying uncertain dynamical networks with mixed time-delay under uncertain probabilities. Here, the mixed timedelays include the constant time-delay and the random sensor delay, where the random sensor delay is depicted by a Bernoulli distributed random variable and the occurrence probability of the random sensor delay can be uncertain. The major novelty of the paper lies in that a new time-varying state estimation algorithm is given such that, for all parameter uncertainties, mixed time-delays and uncertain probabilities, a locally optimal upper bound of the estimation error covariance is obtained and the desirable estimator parameter of easy-to-implement feature is designed. Moreover, the performance evaluation problem of the presented estimation algorithm is solved, where the monotonicity analysis is shown regarding the trace of the upper bound and the deterministic occurrence probability of random sensor delay. At last, the simulations are given to show the validity and correctness of the proposed time-varying estimation method. In particular, the comparisons are given to show the relationship of the upper bound and occurrence probability.
I. INTRODUCTION
As we know, the complex networks are composed of a large of interconnected dynamical units in many areas such as technological networks and man-made systems [1] - [3] . The past few decades have witnessed constantly increasing research attention devoted to the complex networks due to their successful applications in practical situations such as the world wide web, cellular and power grid network [4] - [6] . Since the interconnected structure of the complex network, it plays an especial role in practical sense and the discovery of small word and scale-free properties leads to ever-increasing research interest [7] - [10] . Moreover, the difficulties on state estimation problems for complex networks are unavoidable compared with the estimation problems for an isolated node. These difficulties include node-to-node communications and stochastic coupling [5] . Up to now, a great number of state
The associate editor coordinating the review of this article and approving it for publication was Tachun Lin. estimation problems were discussed for various complex networks [6] , [11] - [13] . For example, the efficient recursive state estimation method for time-varying complex networks was given against the incomplete information by using the variance-constrained approach [4] and was applied to solve the multi-target tracking problem [5] , [11] . Moreover, the state estimation strategy under the H ∞ performance requirement was presented for time-invariant stochastic complex networks subject to uncertain inner coupling via the linear matrix inequality method [12] .
In complex networks, the time-delays should be faced due probably to unexpected environmental disturbances and network congestion. Meanwhile, the existence of time-delays frequently introduces some undesirable behaviors (e.g. instability, degradations and oscillation) [14] , [15] . Recently, a large number of literatures were published about the state estimation problems for some complex networks with timedelays, see e. g. [16] - [19] . To mention a few, a robust H ∞ filtering problem was discussed for complex network systems with time-delays and stochastic packet dropouts, where the estimation error exponentially converges to zero in mean square sense and the H ∞ performance was guaranteed [16] . Based on the linear matrix inequality approach, the state estimation problem for complex dynamical networks was investigated in the presence of time-varying delay and stochastic sampling [20] . Moreover, the synchronization and state estimation problems for complex networks with time-varying delays and uncertain inner coupling were addressed [21] , [22] . In addition, some novel synchronization criteria were given for coupled neural networks with different types of delays and markovian coupled networks under partially unknown transition probabilities, where the upper bound information of time-delay was explicitly reflected in proposed synchronization conditions [23] - [26] . It is worth mentioning that there are few schemes on the state estimation problems for time-varying uncertain complex networks with different types of time-delays which can motivate the focus of current research topic.
In addition to the state-delay in complex networks, it is well known that the sensor delay exists unavoidably during the packet transmission and can be seen as another reason of poor estimation performance for addressed complex networks [15] , [27] , [28] . The sensor delay is commonly induced by many reasons such as an asynchronous time-divisionmultiplexed network, sensor temporal failures, or random congestion of network transmissions, which received much attention, see e.g. [29] - [33] . Among them, a filtering problem for uncertain discrete-time stochastic systems with randomly sensor delays was investigated by using the variance-constrained method [32] . And, a state estimation problem was studied for a class of discrete time-delay nonlinear complex networks with random sensor delays [33] . It should be mentioned that the random sensor delay was depicted by a Bernoulli-distributed sequence with occurrence probability, where the occurrence probability was generally assumed to be deterministic in most of above references [15] , [32] - [34] . Nevertheless, it should be noted that small perturbations in statistical test may lead to inaccurate results, hence it has practical sense to consider such a case that the probability of random sensor delay could be uncertain in order to reflect practical engineering cases [35] - [37] . In this sense, the state estimation method proposed in this paper meets the needs for solving the state estimation issue of complex networks with random sensor delay under uncertain probability, which can enrich the optimized state estimation approach on the analysis of the complex networks of the timevarying parameter characteristics.
Based on the related discussions, we aim to solve the optimized estimation problem for a class of discrete complex networks with parameter uncertainties, state delay and random sensor delay, where the inaccuracy probability case of the random sensor delay is studied. For more details, we pay additional effort on the design of desirable estimation algorithm for addressed complex networks such that, for all parameter uncertainties, state delay, random sensor delay and uncertain probabilities, a minimized upper bound matrix about the estimation error covariance is established. Furthermore, the theoretical proof is given to discuss the estimation method performance. It should be noticed that the related information of involved parameter uncertainties, mixed timedelays and uncertain probabilities is clearly reflected in main results and the newly designed optimized estimation method is applicable for online utilizations. When handling the addressed state estimation problem, there are the following two difficulties: 1) how to discuss the effects from the mixed delays, parameter uncertainties as well as uncertain occurrence probabilities onto the algorithm performance comprehensively? 2) how to characterize the changes of estimation performance with regard to the different probabilities of random sensor delay rigorously? To answer the above two questions, the main features/advantages of main results can be listed as follows: i) a new uncertain time-varying dynamical network model is considered, where the mixed timedelays including state delay and random sensor delay are discussed; ii) a new locally optimal estimation scheme is given for the first time to reflect the impacts from mixed delays, parameter uncertainties and uncertain probabilities, which is capable for online utilizations; and iii) a rigorous theoretical proof is established to reveal the engineering insight between the estimation performance and the occurrence probabilities of random sensor delay. At last, we provide some simulations to show the correctness and usefulness of main results.
II. PROBLEM FORMULATION
In this paper, the flow chart of addressed state estimation problem is given in Fig. 1 , where the state estimatorx i (k|k) is designed based on the measurements y i (k).
Accordingly, the following class of uncertain delayed complex networks consisting of N coupled nodes is considered:
where x i (k) ∈ R n represents the system state of the i-th node to be estimated and y i (k) ∈ R m is the measurement output of the i-th node, is a known linking matrix and W = [ω ij ] N ×N means the coupling configuration matrix with ω ij ≥ 0(i = j), i (k) and ν i (k) represent the zero-mean process noise and measurement noise of the complex networks with covariances Q i (k) > 0 and R i (k) > 0. τ 1 and τ 2 denote the time delays.
are the known matrices with appropriate dimensions. The random variable β i (k) obeying Bernoulli distribution with uncertain occurrence probability is introduced to describe the phenomenon of random sensor delay:
whereβ i (k) is the nominal mathematical expectation, β i (k) stands for the uncertain occurrence probability and
Matrices A i (k) and A i,τ (k) represent the norm-bounded uncertainties with the following forms
where
In this paper, the following time-varying estimator with the upper bounds of mixed time-delays is constructed:
wherex i (k + 1|k) is the prediction of the i-th node state x i (k) at time k andx i (k + 1|k + 1) denotes the estimation of the i-th node state
is the estimator gain matrix to be designed at time k + 1. Remark 1: Note that there exist two types of time-delays in (1)-(2), i.e., the state delay τ 1 and random senor delay τ 2 with τ 1 and τ 2 being known constants. In order to better discuss the impacts induced by the above state delay and random senor delay, the related delay upper bounds are utilized when designing the state estimator. It follows from the subsequent derivations that the delay upper bounds will be clearly reflected in the new estimation algorithm, thereby dealing with the delay characteristics.
To facilitate subsequent derivations, the prediction error is denoted byx i (k + 1|k) = x i (k + 1) −x i (k + 1|k) and the estimation error is described byx
. Accordingly, we can define that the prediction error covariance is
and the estimation error covariance is
}. Now, we are ready to mention the major purposes of this paper. 1) A locally optimized upper bound of P i (k + 1|k + 1) is found and the related estimator gain matrix K i (k + 1) is designed based on solutions to certain matrix equations; 2) A rigorous theoretical analysis is provided to discuss the relationship between the estimation performance and the occurrence probability of random sensor delay.
To end this section, the following preliminary Lemma is introduced.
Lemma 1: For any two vectors x and y ∈ R n , the following inequality holds
where ε is a positive scalar.
III. ESTIMATION ALGORITHM DESIGN
In this section, we are looking for a proper upper bound of estimation error covariance and then minimizing such an upper bound by determining the estimator gain matrix at every sampling step.
Subtracting (5) from (1), we can get the prediction error
Similarly, we can get the estimation error
For addressed state estimation problem, the prediction error covariance and estimation error covariance can be recursively calculated in the following Theorems.
Theorem 1: The prediction error covariance is given as follows
Proof: The proof of this theorem can be easily obtained and hence the related calculations can be omitted here for brevity.
Theorem 2: The estimation error covariance is given as follows
Proof: In terms of (9) and the independent properties of random variables, together with E{ν i (k + 1)} = 0, we can get (11) easily.
Theorem 3: Consider the prediction error covariance and estimation error covariance in (10) and (11) . For given positive scalars ε i (i = 1, 2, · · · , 11) and η j (j = 1, 2, · · · , 7), if the following two matrix equations
have positive-definite solutions i (k + 1|k) and i (k + 1| k + 1), and the filter gain is given by
then it can be shown that the matrix i (k + 1|k + 1) is a minimized upper bound of
Proof: Firstly, we handle the uncertain terms in (10) . From Lemma 1, we have
Based on the inequalities mentioned above, we have
Consider the following inequality
Moreover, it is easy to know that
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So, we can obtain
Substituting (16)- (18) into (15), we get
Next, we deal with the uncertain terms in (11) . With the help of Lemma 1 again, we have
and above inequalities, one has
Similarly, we have
Thus, we can get the following inequality
Together with (12) , (13), (19) and (22), we can show that
Next, take the partial derivative of the trace of (13) with regard to K i (k + 1). Let the derivative be zero and one has ∂tr( i (k + 1|k + 1)
It is easy to find that the K i (k + 1) defined in (14) can be obtained, which can minimize the upper bound i (k + 1|k + 1).
Next, the following Corollary can be easily obtained and thus the proof is omitted.
Corollary 1: Consider the time-varying complex network (1)- (2) . Let the occurrence probability of random sensor delay be deterministic (i.e., β i (k) = 0). Let ε i (i = 1, · · · , 11) and η j (j = 1, 6, 7) be positive real scalars. Assume that there exist two positive-definite solutions i (k + 1|k) and i (k + 1|k + 1) with initial condition i (0|0) ≥ P i (0|0) satisfying recursive matrix equation (12) and the following recursive matrix equation
is an upper bound of P i (k + 1|k + 1). Furthermore, if the estimator gain matrix is given as
then it can be shown that the minimized upper bound matrix
Remark 2:
The optimized state estimation problem has been solved for uncertain complex networks subject to mixed time-delays. It should be noted that a new estimation scheme has been established, where a minimized upper bound of estimation error covariance has been derived and the related estimator gain matrix has been obtained based on the solutions to recursive matrix equations in Theorem 3. Furthermore, Corollary 1 provides the corresponding result when the probability is deterministic, i.e., the occurrence probability of random sensor delay is equal to the nominal mathematical expectation.
IV. PERFORMANCE EVALUATION
In this section, we provide the mathematical analysis to discuss the relationship between the obtained upper bound matrix and the occurrence probability of random sensor delay.
Theorem 4: For each node i, suppose that the occurrence probability of random sensor delay is deterministic. Then, we can obtain that tr( i (k + 1|k + 1)) is non-increasing if β i (k + 1) increases.
Proof: From Corollary 1, the upper bound matrix i (k + 1|k + 1) can be given in (26) . Taking the partial derivative of tr( i (k + 1|k + 1)) with respect toβ i (k + 1) implies where
It is easy to verify that
≤ 0. Thus, we can conclude that the trace of i (k + 1|k + 1) is non-increasing ifβ i (k + 1) increases. The proof is completed.
So far, a new state estimation method has been given for a class of uncertain time-varying complex networks with mixed time-delays. To facilitate all readers, a flow chart is given in Fig. 2 for the implementation purpose, which is mainly dependent on the estimator (5)-(6) and the results in Theorem 3.
V. A SIMULATION EXAMPLE
In this section, some simulations are given to illustrate the validity and correctness of the proposed estimation method against mixed time-delays and parameter uncertainties.
Example 1: Consider the delayed complex network (1)-(2) with following parameters:
,
The inner-coupling matrix is = diag{0.5, 0.5}, and the elements of the coupling configuration matrix are w ij = 0.2 (i = j) and w ij = −0.4 (i = j).
In the simulation, the initial conditions of estimations are set as x 1 
The covariances of the process noise i (k) are It can be seen that the trace of i,k|k is non-increasing when the occurrence probability of random sensor delay increases, which is same as in the theoretical analysis in Theorem 4. The major reason is that more ideal measurement can be used to design the state estimator when the phenomenon of the sensor delay is not severe, thereby improving the estimation performance.
Remark 3: In contrast to the related results as in [3] - [5] , this paper addresses a new state estimation problem for uncertain complex networks in the simultaneous presence of parameter uncertainties, mixed time-delays and uncertain probabilities, where both the state delay and the random sensor delay are considered simultaneously. Hence, we make the first attempt to design a locally optimal state estimation method with theoretical analysis, which can enrich the current state estimation results for time-varying complex networks. In fact, the major advantage of this estimation scheme lies in that the related information of above mentioned three aspects has been reflected in main results comprehensively, thereby leading to satisfactory estimation performance. As shown in the simulations, we can see that the proposed estimation method can estimate the node states effectively for addressed complex networks. Particularly, some simulation experiments with comparative results are made to discuss the estimation method performance. It follows from Figs. 12-14 that the theoretical result presented in Theorem 4 is clearly demonstrated. That is to say, the estimation performance becomes better if the phenomenon of random sensor delay does not become worse.
VI. CONCLUSION
In this paper, the design problem of the optimized state estimator has been studied for a class of time-varying uncertain stochastic complex networks with mixed time-delays. The considered mixed time-delays include the state delay and random sensor delay, where a set of Bernoulli distributed random variables has been used to model the random senor delay and the occurrence probabilities have been allowed to be uncertain. By using the stochastic analysis method, new state estimation method has been provided and a locally optimal upper bound has been obtained by designing the estimator parameters. In addition, the algorithm analysis has been given to evaluate the estimation method performance. Finally, the simulations have been provided to illustrate the usefulness of the proposed optimized state estimation method.
